Abstract
Introduction and preliminaries
Let B(H) be the algebra of all bounded linear operators acting on an infinite dimensional separable complex Hilbert space H. As an easy extension of normal operators, hyponormal operators have been studied by many mathematicians. Although there are many unsolved interesting problems for hyponormal operators (e.g., the invariant subspace problem), one of recent trends in operator theory is studying natural extensions of hyponormal operators. So, we introduce some of these non-hyponormal operators. Recall [, ] 
that T ∈ B(H) is called hyponormal if T
* T ≥ TT * , and T is called paranormal (resp., * -paranormal) if As a further generalization of both * -class A operators and quasi- * -class A operators, the
where k is a natural number. Let KQA * be the class of k-quasi- * -class A operators. Thus,
The spectral properties of quasi-class A and quasi- * -class A operators have been investigated by many authors in the recent years (a useful survey on the spectral properties of these operators may also be found in [] ); see also [] . In this paper we extend to k-quasi- * -class A operators some of these results, for instance the property of being hereditarily polaroid already observed for * -paranormal operators and * -class A operators defined on Hilbert spaces [] . The fine structure of the spectrum of paranormal operators for class A operators or * -paranormal operators has been studied by several authors, in particular, for these classes of operators, it has been proved that they satisfy Weyl's theorem; see for instance [, ] for paranormal operators, [] for algebraically class A operators, in [] for quasi- * -class A operators. In this paper we extend these results by proving that some other variants of Weyl's theorem hold for k-quasi- * -class A operators; for instance, the so-called property Analogously, let q := q(T) be the descent of an operator T; i.e., the smallest non-negative integer q such that ran T q = ran T q+ , and if such integer does not exist, we put q(T) = ∞. It is well known that if p(T) and q(T) are both finite, then 
We also have
and dually, if T denotes the dual of T, 
Main results
We begin by the following lemma which is the essence of this paper and it is a structure theorem of a k-quasi- * -class A operator T.
Lemma . [] Let T ∈ B(H) be a k-quasi- * -class A operator, the range of T k be not dense
and
As a consequence, we obtain the following corollary.
Corollary . Let T ∈ B(H) be a k-quasi- * -class A operator. If T  is invertible, then T is similar to a direct sum of a * -class A operator and a nilpotent operator.
Proof Since by assumption  / ∈ σ (T) we have σ (T  ) ∩ σ (T  ) = ∅, then there exists an op-
Corollary . Let T be a k-quasi- * -class A operator. If T is quasinilpotent, then it must be a nilpotent operator.
Proof Invoking Lemma ., we find σ (T  ) = . Since T  is * -class A, we conclude that
Lemma . [] Let M be a closed T-invariant subspace of H. Then the restriction T |M of a k-quasi- * -class A operator T to M is a k-quasi- * -class A operator.

Theorem . [] Let T ∈ B(H) be k-quasi- * -class A. Then T satisfies Bishop's property (β), the single valued extension property and the Dunford property (C).
Lemma . Let T ∈ B(H) be an algebraically k-quasi- * -class A operator, and σ
where
In the following theorem, we will prove that an algebraically k-quasi- * -class A operator is polaroid.
Theorem . Let T be an algebraically k-quasi- * -class A operator. Then T is polaroid.
Proof If T is an algebraically k-quasi- * -class A operator, then p(T) is a k-quasi- * -class A operator for some nonconstant polynomial p. Let μ ∈ iso(σ (T)), and let E μ be the Riesz idempotent associated to μ defined by
where D is a closed disk centered at μ which contains no other points of the spectrum of T. Then T can be represented as follows:
where σ (T  ) = {μ} and σ (T  ) = σ (T  ) \ {μ} . Since T  is algebraically k-quasi- * -class A operator by Lemma . and σ (T  ) = {μ}, it follows from Lemma . that T  -λI is nilpotent. Therefore, T  -μ has finite ascent and descent. On the other hand, since T  -μI is invertible, it has finite ascent and descent. Therefore, T -μI has finite ascent and descent. Therefore, μ is a pole of the resolvent of T. Now if μ ∈ iso(σ (T)), then μ ∈ π(T). Thus, iso(σ (T)) ∈ π(T), where π(T) denotes the set of poles of the resolvent of T. Hence, T is polaroid.
Recall that an operator T is said to be hereditarily polaroid if every part of it is polaroid. Hence, it follows from Lemma . that a k-quasi- * -class A operator is hereditarily polaroid
Corollary . A k-quasi- * -class A operator is isoloid. http://www.journalofinequalitiesandapplications.com/content/2012/1/244
Weyl-type theorems
Let X be a complex Banach space. For every T ∈ B(X), define
E(T) := λ ∈ iso σ (T) :  < α(λI -T)
, and E a (T) := λ ∈ iso σ a (T) :  < α(λI -T) .
Obviously, E  (T) ⊆ E(T) ⊆ E a (T) for every T ∈ L(X).
Define
is the set of all poles of the resolvent of T.
Definition . A bounded operator T ∈ B(X) is said to satisfy Weyl's theorem, in symbol (W), if σ (T) \ σ w (T) = π  (T). T is said to satisfy a-Weyl's theorem, in symbol (aW), if σ a (T) \ σ uw (T) = π a  (T). T is said to satisfy the property (w), if σ a (T) \ σ uw (T) = π  (T).
Either a-Weyl's theorem or the property (w) entails Weyl's theorem. The property (w) and a-Weyl's theorem are independent; see [] .
The concept of semi-Fredholm operators has been generalized by Berkani [, ] in the following way: for every T ∈ B(X) and a nonnegative integer n, let us denote by T [n] the restriction of T to T n (X) viewed as a map from the space T n (X) into itself (we set T In the following diagrams, we resume the relationships between all Weyl-type theorems: Recall [] that if T is polaroid, then T satisfies generalized Weyl's theorem (resp. generalized a-Weyl's theorem) if and only if T satisfies Weyl's theorem (resp. a-Weyl's theorem). Hence if T is an algebraically k-quasi- * -class A operator, we have the following result. 
Definition . A bounded operator T ∈ B(X) is said to satisfy generalized Weyl's theorem, in symbol, (gW), if σ (T) \ σ bw (T) = E(T). T ∈ B(X) is said to satisfy generalized a-
Weyl's theorem, in symbol, (gaW), if σ a (T) \ σ ubw (T) = E a (T). T ∈ L(X) is(gw) ⇒ (w) ⇒ (W),(
Corollary . Let A, B ∈ B(H
Theorem . Let T, A, B ∈ B(H). If T is algebraically k-quasi- * -class
